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Abstract
Families of vector-like deformed relativistic quantum phase spaces and corresponding re-
alizations are analyzed. Method for general construction of star product is presented. Cor-
responding twist, expressed in terms of phase space coordinates, in Hopf algebroid sense is
presented. General linear realizations are considered and corresponding twists, in terms of
momenta and Poincaré-Weyl generators or gl(n) generators, are constructed and R-matrix is
discussed. Classification of linear realizations leading to vector-like deformed phase spaces is
given. There are 3 types of spaces: i) commutative spaces, ii) κ-Minkowski spaces and iii)
κ-Snyder spaces. Corresponding star products are i) associative and commutative (but non-
local), ii) associative and non-commutative and iii) non-associative and non-commutative,
respectively. Twisted symmetry algebras are considered. Transposed twists and left-right dual
algebras are presented. Finally, some physical applications are discussed.
Keywords: noncommutative space, κ-Minkowski spacetime, Drinfeld twist, Hopf algebra.
1 Introduction
Reconciliation of quantum mechanics and general relativity, leading to formulation of quantum
gravity, is a longstanding problem in theoretical physics. At very high energies, gravitational effects
can no longer be neglected and spacetime is no longer a smooth manifold but rather a fuzzy or
some type of non-commutative space [1]. Non-commutative geometry is one of the candidates for
describing the physics at the Planck scale. Combined analyses of Einstein’s general relativity and
Heisenberg’s uncertainty principle lead to very general class of non-commutative spacetimes [1], for
example Gronenwald-Moyal plane [2, 3] and κ-Minkowski algebra [4, 5, 6, 7]. Generally, physical
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theories on non-commutative manifolds require a new framework of non-commutative geometry [8].
In this framework, the search for generalized (quantum) symmetries that leave the physical action
invariant leads to deformation of Poincaré symmetry, with κ-Poincaré symmetry being one of the
most extensively studied [4, 5, 6, 9, 10, 11, 12, 13, 14]
One example of deformed relativistic symmetry that could describe the physics at the Planck
scale is the κ-deformed Poincaré Hopf algebra symmetry, where κ is the deformation parameter
usually corresponding to the Planck scale. It has been shown that a quantum field theory with
κ-Poincaré symmetry emerges in a certain limit of quantum gravity coupled to matter fields [15],
which amounts to a non-commutative field theory on the κ-deformed Minkowski space.
It is known [2, 16] that deformations of a symmetry group can be realized through application
of Drinfeld twists on that symmetry group [17]. The main virtue of the twist formulation is that
the deformed, twisted symmetry algebra is the same as the original undeformed one. There is only
a change in the coalgebra structure [2] which then leads to the same single particle Hilbert space
and free field structure as in the corresponding commutative theory.
In [18], complete analysis of linear realizations for κ-Minkowski space that are expressed in
terms of generators of gl(n) algebra was given. Method for constructing Drinfeld twist operators,
corresponding to each linear realization of κ-Minkowski space satisfying cocycle and normalization
condition was presented. Symmetries generated by Drinfeld twists were classified and κ-Minkowski
space was embedded into Heisenberg algebra having natural Hopf algebroid structure. In [19], a
method for construction of star product and twist in Hopf algebroid sense was presented.
Assuming vector-like deformations, we aim to explore which kinds of deformed relativistic quan-
tum phase spaces can arise. In the present paper we consider general vector-like deformations of
relativistic quantum phase space and expand results from [18] to all possible linear realizations and
we construct corresponding twists. Linear realizations and vector-like deformed spaces are classified
in 3 types and related symmetry algebras are presented.
In section 2, general vector-like deformed relativistic quantum phase spaces are constructed
and corresponding realizations are presented. In section 3, the method for general construction of
star product and twist (expressed in terms of phase space coordinates) in Hopf algebroid sense is
presented. In section 4, linear realizations are considered and corresponding twists (expressed in
terms of momenta and Poincaré-Weyl generators or gl(n) generators) are constructed. Also, the R-
matrix is discussed. In section 5, classification of linear realizations leading to vector-like deformed
phase spaces is given. There are 3 types of spaces: i) commutative spaces, ii) κ-Minkowski spaces
and iii) κ-Snyder spaces. In section 6, twisted symmetry algebras are considered. In section 7,
transposed twists and left-right dual algebras are presented. Finally, outlook and discussion are
given in section 8.
2 Vector-like deformations of relativistic quantum phase spaces
and realizations
Let us start with deformed phase space (deformed Heisenberg algebra) Hˆ generated by com-
mutative momenta pµ and generically noncommutative coordinates xˆµ, µ = 0, 1, ..., n− 1 satisfying
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the following commutation relations:
[pµ, pν ] = 0
[pµ, xˆ
ν ] = −iϕµ
ν
( p
M
)
[xˆµ, xˆν ] =
i
M
xˆαCµνα
( p
M
) (1)
where M is the mass parameter, ϕµν
(
p
M
)
is invertible matrix, and Cµνα
(
p
M
)
= −Cνµ
α
(
p
M
)
are
generalized structure constants depending on momenta [19].
Matrix ϕµν is arbitrary and structure constants Cµνα are restricted by Jacobi relations which
include matrix ϕµν . In the limit M → ∞, matrix ϕµν → ηµν and [xˆµ, xˆν ] → 0, where ηµν =
diag(−1, 1, ..., 1), or more generally, instead of ηµν , metric gµν with an arbitrary signature.
The deformed phase spaces, eq. (1), generalize Lie algebras. Note that if xˆµ generate a given
Lie algebra with structure constants Cµνλ, then there are infinitely many possible matrices ϕµν ,
compatible with Jacobi relations [19], see also [20].
In the following, we shall put/fix M = 1. Now we consider the most general matrix ϕµν
describing vector-like deformations defined by vector uµ, u2 ∈ {−1, 0, 1}, i.e. time-, light- and
space-like, respectively [21].
ϕµ
ν(p) = δνµf1 + uµp
νf2 + uµu
νf3 + u
νpµf4 + pµp
νf5 (2)
where f1,...,5 are functions of A = u · p and B = p2.
In order to fullfil commutation relations [pµ, xˆν ] = −iϕµν(p), eq. (1), we consider a realization
of xˆµ of the form
xˆµ = xαϕα
µ = xµf1 + (u · x)p
µf2 + (u · x)u
µf3 + (x · p)u
µf4 + (x · p)p
µf5 (3)
where xµ are commutative coordinates conjugated to pµ, i.e.
[xµ, xν ] = 0
[pµ, x
ν ] = −iδνµ
[pµ, pν ] = 0
(4)
describing undeformed phase space Heisenberg algebra H. Undeformed coordinates xµ generate en-
veloping algebra A, which is a subalgebra of undeformed Heisenberg algebra, i.e. A ⊂ H. Momenta
pµ generate algebra T , which is also a subalgebra of undeformed Heisenberg algebra, i.e. T ⊂ H.
Undeformed Heisenberg algebra is, symbolically, H = AT .
Then the structure of commutation relations [xˆµ, xˆν ] is given by:
[xˆµ, xˆν ] =i[(uµxˆν − uν xˆµ)F1 + (xˆ
µpν − xˆνpµ)F2+
(u · xˆ)(uµpν − uνpµ)F3 + (xˆ · p)(u
µpν − uνpµ)F4]
(5)
where F1,...,4 are also functions of A and B which can be expressed in terms of functions f1,...,5 and
their derivatives.
We point out that this construction, eq. (2) and (5), unifies commutative spaces with ϕµν 6= δνµ,
as well as various types of NC spaces, including κ-Minkowski space [9], Snyder type spaces [22, 23, 24]
and κ-Snyder spaces [25]. Moyal type spaces (θ-deformation) [3] could also be included in this
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construction by adding χµ(p) in realization of xˆµ, i.e. xˆµ = xαϕαµ(p) + χµ(p). For example, the
simplest realization of Moyal space is xˆµ = xµ − 12θ
µαpα, where θµν ∈ R is antisymmetric tensor.
Note that quadratic algebras can not be included in the above construction and a new general-
ization is required.
3 Star product and twist operator
The action ⊲ is defined by
xµ ⊲ f(x) = xµf(x), (6)
pµ ⊲ f(x) = −i
∂f
∂xµ
, i.e. pµ = −i
∂
∂xµ
≡ −i∂µ. (7)
Then, it follows [18]
xˆµ ⊲ 1 = xµ, (8)
eik·xˆ ⊲ eiq·x = eiP(k,q)·x, kµ, qµ ∈M1,n−1, (9)
where M1,n−1 is Minkowski momentum space and Pµ(k, q) satisfies differential equation
dPµ(λk, q)
dλ
= kαϕµ
α (P(λk, q)) (10)
with Pµ(k, 0) = Kµ(k), Pµ(0, q) = qµ and λ ∈ R.
Hence,
eik·xˆ ⊲ 1 = eiK(k)·x (11)
and
eiK
−1(k)·xˆ ⊲ 1 = eik·x, (12)
where K−1(k) is the inverse map of Kµ(k), i.e. K−1µ (K(k)) = kµ.
The star product is defined by [18]
eik·x ⋆ eiq·x = eiK
−1(k)·xˆ ⊲ eiq·x = eiD(k,q)·x, (13)
where
Dµ(k, q) = Pµ(K
−1(k), q), Dµ(k, 0) = kµ, Dµ(0, q) = qµ. (14)
The deformed addition of momenta is defined by
(k ⊕ q)µ = Dµ(k, q). (15)
The coproduct ∆pµ is
∆pµ = Dµ(p⊗ 1, 1⊗ p). (16)
For functions f(x) and g(x), which can be Fourier transformed, the relation between star product
and twist operator is given by [26, 27]
(f ⋆ g)(x) = m
[
F−1(⊲⊗ ⊲)(f(x)⊗ g(x))
]
, (17)
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where m is a map m : H⊗H → H such that m(h1 ⊗ h2) = h1h2 with h1, h2 ∈ H and
F−1 =: ei(1⊗x
α)(∆−∆0)pα : +I0, (18)
where ∆0pµ = pµ ⊗ 1 + 1⊗ pµ and I0 is right ideal defined by1
m [I0(⊲ ⊗ ⊲)(f(x)⊗ g(x))] = 0. (19)
The symbol : · : denotes the normal ordering in which x-s stand left from p-s.
If the generators xˆµ close the subalgebra, i.e. if the commutator [xˆµ, xˆν ] does not depend on
momenta, then PBW theorem holds, the star product is associative and the coproduct is coasso-
ciative. The inverse statement also holds. If the star product is associative, the twist operator eq.
(18) satisfies the cocycle condition in the Hopf algebroid sense and vice versa [27, 28, 29, 30].
It also holds
∆pµ = F∆0pµF
−1 = Dµ(p⊗ 1, 1⊗ p) (20)
xˆµ = m
[
F−1(⊲⊗ 1)(xµ ⊗ 1)
]
= xµ + ixαm [(∆−∆0)pα(⊲ ⊗ 1)(x
µ ⊗ 1)] = xαϕα
µ(p) (21)
eiK
−1(k)·xˆ = m
[
F−1(⊲⊗ 1)(eik·x ⊗ 1)
]
(22)
The above construction generalizes the section 4 in [18] to nonassociative star products. Note
that the commutator [pµ, xˆν ] is given by
[pµ, xˆ
ν ] = −iδνµ +m{[∆0pµ,F
−1](⊲⊗ 1)(xν ⊗ 1)}. (23)
4 Linear realizations and twists
In this section, we consider linear realizations of vector-like deformed phase space, that is the
realizations where the function ϕµν(p) is linear in momenta.
ϕµ
ν(p) = δνµ + c1δ
ν
µ(u · p) + c2u
νpµ + c3uµu
ν(u · p) + c4uµp
ν = δνµ +K
αν
µpα, (24)
where Kανµ ∈ R is proportional to the deformation scale 1/M . In terms of c1,...,4, xˆµ = xαϕαµ(p)
and Kανµ are given by
xˆµ = xµ(1 + c1(u · p)) + c2u
µ(x · p) + c3u
µ(u · x)(u · p) + c4(u · x)p
µ, (25)
Kανµ = c1δ
ν
µu
α + c2u
νδαµ + c3u
αuνuµ + c4η
ανuµ. (26)
Since xˆµ = xαϕαµ(p) = xµ +Kβµαxαpβ , then it follows
[xˆµ, xˆν ] = (Kµνα −K
νµ
α)xˆ
α + i[KβµαK
αν
γ −K
βν
αK
αµ
γ − (K
µν
α −K
νµ
α)K
βα
γ ]L
γ
β , (27)
where Lµν = xµpν . Generators Lµν and momenta pµ generate igl(n) algebra:
[Lαβ, L
γ
δ] = i(δ
α
δ L
γ
β − δ
γ
βL
α
δ)
[Lµν , pλ] = iδ
µ
λpν
(28)
1Ideal I0 (19) is generated by xµ ⊗ 1− 1⊗ xµ.
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and
[Lµν , x
λ] = −iδλνx
µ. (29)
Generators xˆµ and Lµν close a Lie algebra
[Lµν , xˆ
λ] = −iδλν xˆ
µ + i(δλνK
βµ
α + δ
β
νK
µλ
α − δ
µ
αK
βλ
ν)L
α
β . (30)
Lie algebra is closed in xˆµ if
KβµλK
λν
α −K
βν
λK
λµ
α = (K
µν
λ −K
νµ
λ)K
βλ
α (31)
and Cµνλ = Kµνλ −Kνµλ are structure constants, i.e. [xˆµ, xˆν ] = iCµνλxˆλ.
Application of equations (10) and (14) to algebra {xˆµ, Lµν} gives
Pµ(k, q) =
(
1− e−K(k)
K(k)
)
α
µkα +
(
e−K(k)
)
α
µqα, (32)
where K(k)µν = −Kµανkα. Specially,
Kµ(k) = Pµ(k, 0) =
(
1− e−K(k)
K(k)
)
α
µkα. (33)
The function Dµ(k, q) is given by
Dµ(k, q) = Pµ(K
−1(k), q) = kµ +
(
e−K(K
−1(k))
)
α
µqα, (34)
which defines the deformed addition of momenta. For linear realizations, star product is associative
if and only if condition (31) is satisfied. Up to the second order in the deformation, the function
Dµ(k, q) is given by
Dµ(k, q) = kµ + qµ +K
βα
µkαqβ +
1
2
(KγβλK
λα
µ −K
αβ
λK
γλ
µ)kαkβqγ +O(1/M
3). (35)
It is straightforward to show that the deformed addition of momenta (k ⊕ q)µ = Dµ(k, q) is asso-
ciative in the first order and in order to be associative in the second order, condition (31) has to be
satisfied, which also implies a Lie algebra closed in xˆµ. Lie algebra closed in xˆµ leads to the asso-
ciative star product, which leads to associative Dµ(k, q), which implies that for linear realizations
(k ⊕ q)µ = Dµ(k, q) is associative in all orders if and only if the condition (31) is satisfied.
The deformed coproduct of momenta ∆ : T → T ⊗ T is
∆pµ = Dµ(p⊗ 1, 1⊗ p) = pµ ⊗ 1 +
(
e−K(p
W )
)
α
µ ⊗ pα, (36)
where pWµ = K
−1
µ (p) and it is a function of momenta with property
(pWµ − kµ)e
ik·xˆ ⊲ 1 = 0, (37)
where W stands for Weyl ordering. For details on calculation of pWµ , see appendix A. It follows
that ∆pµ is coassociative for linear realizations of non-commutative coordinates xˆµ if and only if
xˆµ close a Lie algebra, i.e. if condition (31) holds.
Note that the commutator [Lµν , xˆλ] is given by
[Lµν , xˆ
λ] = −iδλν xˆ
µ +m{[∆0L
µ
ν ,F
−1](⊲⊗ 1)(xλ ⊗ 1)}. (38)
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4.1 Twist and R-matrix
Combining equation (18) for twist and equation (36) for deformed coproduct of momenta yields
F−1 = : exp
{
i
(
eK(p
W ) − 1
)
β
α ⊗ x
αpβ
}
: . (39)
Furthermore, it can be shown that
: eiA
β
αx
αpβ : = ei[ln(1+A)]
β
αx
αpβ (40)
holds for any Aβα such that [Aαβ , Aγδ] = 0 and [Aαβ , xγpδ] = 0, see Appendix B from [18]. Using
identity (40), we find
F−1 = exp(−iK(pW )βα ⊗ x
αpβ) = exp(ip
W
α ⊗ (xˆ
α − xα)). (41)
Twist (39) is written in Hopf algebroid approach [26, 27]. Main point is that it can be written in
the standard form (41), where xαpβ is identified with gl(n) generators Lαβ, satisfying (28).
Twist (41) satisfies the normalization condition
m(ǫ⊗ 1)F = 1 = m(1⊗ ǫ)F . (42)
For linear realizations xˆµ that close a Lie algebra [xˆµ, xˆν ] = i(c1 − c2)(uµxˆν − uνxˆµ), twist (41)
will satisfy the cocycle condition, for arbitrary choice of vector uµ
(F ⊗ 1)(∆0 ⊗ 1)F = (1⊗F)(1 ⊗∆0)F . (43)
The proof is analogous to the one provided in [18]. Generally, if condition (31) is not satisfied, twist
(41) will not satisfy the cocycle condition (43).
R-matrix is given by [26] (see also [31])
R = F˜F−1 = e−(xˆ
α
−xα)⊗ipWα eip
W
β ⊗(xˆ
β
−xβ), (44)
where F˜ = exp(−(xˆα − xα)⊗ ipWα ) is the transposed twist F˜ = τ0Fτ0, where τ0 : H⊗H → H⊗H
is a linear map such that τ0(A⊗B) = B ⊗A ∀A,B ∈ H.
In the case of commutative spaces with [pµ, xˆν ] 6= −iδνµ, coproducts ∆pµ are cocommutative,
star product is commutative, R− 1⊗ 1 ∈ I0 and F−1 − F˜−1 ∈ I0 (see equation (19) for definition
of right ideal I0).
R-matrix is given by R = 1⊗ 1 + rcl +O(1/M2), where rcl = iKβαγ(pα ⊗ Lγβ − Lγβ ⊗ pα) is
the classical r-matrix, which will satisfy the Yang-Baxter equation if and only if the condition (31)
is satisfied.
Twisted flip operator τ is defined by
τ = Fτ0F
−1 = τ0R (45)
and it satisfies the following properties
[∆h, τ ] = 0, ∀h ∈ H, (46)
τ2 = 1⊗ 1. (47)
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Projector operators for the twisted symmetric and antisymmetric sectors of the Hilbert space are
given by 12 (1⊗ 1± τ). Using twisted flip operator, the bosonic state is defined by
f ⊗ g = τ(f ⊗ g) (48)
or equivalently
F−1(⊲⊗ ⊲)(f ⊗ g) = F˜−1(⊲⊗ ⊲)(g ⊗ f). (49)
Note that the bosonic state remains invariant under action of the projector operator 12 (1 ⊗ 1 + τ)
for the twisted symmetric sector of the Hilbert space.
5 Three types of star products from linear realizations
In this section, we present star products which are: i) commutative and associative (subsection
5.1), ii) non-commutative and associative (subsection 5.2) and iii) non-commutative and non-
associative (subsection 5.3).
5.1 Commutative spaces with [pµ, xˆ
ν ] 6= −iδν
µ
Using linear realizations for xˆµ = xαϕαµ(p) with ϕµν(p) given in equation (24), and using
equation (27) restricted to commutative case, i.e. [xˆµ, xˆν ] = 0, we find three families of solutions
for commutative spaces.
i) : xˆµ = xµ + c3u
µ(u · x)(u · p), c1 = c2 = c4 = 0 (50)
ii) : xˆµ = xµ + c3
[
uµ(u · x)(u · p)− u2(u · x)pµ
]
, c1 = c2 = 0, c4 = −c3 (51)
iii) : xˆµ = x
µ
[
1− c3u
2(u · p)
]
+ c3u
µ
[
(u · x)(u · p)− u2(x · p
)
], c1 = c2 = −c3, c4 = 0 (52)
For the sake of simplicity, c ≡ c3 will be used in the rest of this subsection.
For the family i),
Kµ(k) =


kµ +
(
ec(u·k)u
2
− 1
c(u · k)u2
− 1
)
u · k
u2
uµ, u
2 6= 0
kµ +
1
2
c(u · k)2uµ, u
2 = 0
(53)
K−1µ (k) =


kµ − c
cu2(u · k)− ln[1 + cu2(u · k)]
(cu2)2
uµ, u
2 6= 0
kµ − c
(u · k)2
2
uµ, u
2 = 0
(54)
Functions Pµ(k, q) and Dµ(k, q) for the family i) are given by
Pµ(k, q) =


kµ + qµ + c(u · k)
[(
ecu
2(u·k) − 1
cu2(u · k)
− 1
)
1
cu2
+
ecu
2(u·k) − 1
cu2(u · k)
(u · q)
]
uµ, u
2 6= 0
kµ + qµ + c(u · k)
(
u · k
2
+ u · q
)
uµ, u
2 = 0
(55)
Dµ(k, q) = kµ + qµ + c(u · k)(u · q)uµ (56)
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For the family ii),
Kµ(k) = kµ +
c
2
[
(u · k)2 − u2k2
]
uµ (57)
K−1µ (k) = kµ −
c
2
[
(u · k)2 − u2k2
]
uµ (58)
Furthermore,
Pµ(k, q) = kµ + qµ + cuµ
[
(u · k)2 − u2k2
2
+ (u · k)(u · q)− u2(k · q)
]
(59)
Dµ(k, q) = kµ + qµ + cuµ
[
(u · k)(u · q)− u2(k · q)
]
(60)
For the family iii),
Kµ(k) =


e−cu
2(u·k)kµ +
1− e−cu
2(u·k)(1 + cu2(u · k))
c(u2)2
uµ, u
2 6= 0
kµ +
1
2
c(u · k)2uµ, u
2 = 0
(61)
K−1µ (k) =


kµ
1−cu2(u·k) + c(u · k)
2−cu
2(u·k)−(1−cu2(u·k)) ln(1−cu2(u·k))
(cu2(u·k))2(1−cu2(u·k)) uµ, u
2 6= 0
kµ − c
(u · k)2
2
uµ, u
2 = 0
(62)
Pµ(k, q) = Kµ(k) + qµ − cu
2[Kµ(k)(u · q) + qµ(u ·K(k))] + cuµ(u ·K(k))(u · q) (63)
Dµ(k, q) = kµ + qµ − cu
2[kµ(u · q) + qµ(u · k)] + cuµ(u · k)(u · q) (64)
Note that for each family of commutative spaces, Dµ(k, q) = Dµ(q, k), which implies commu-
tativity of the corresponding star products and cocommutativity of the corresponding coproducts.
Also, for each of these families, Dµ(D(k1, k2), k3) = Dµ(k1,D(k2, k3)), which implies associativity
of the corresponding star products and coassociativity of the corresponding coproducts, which is
consistent with [xˆµ, xˆν ] = 0.
5.2 κ-Minkowski spaces
There are four families of linear realizations of κ-Minkowski space. Their classification is given
in [18]:
C1 : xˆ
µ = xµ + [c2(x · p) + c(u · x)(u · p)]u
µ (65)
C2 : xˆ
µ = xµ + c1x
µ(u · p) + c [(u · x)(u · p)− (x · p)]uµ (66)
C3 : xˆ
µ = xµ + [c2(x · p) + c(u · x)(u · p)]u
µ + (c2 − c)(u · x)p
µ (67)
C4 : xˆ
µ = xµ + c1 [x
µ(u · p)− (u · x)pµ] , only for u2 = 0, (68)
Family C4 was also considered in [32, 33]. For each family, parameters c1,...,4 are given by
C1 : c1 = 0, c2 ∈ R, c3 = c, c4 = 0 (69)
C2 : c1 ∈ R c2 = −c, c3 = c, c4 = 0 (70)
C3 : c1 = 0, c2 ∈ R, c3 = c, c4 = c2 − c (71)
C4 : c1 ∈ R, c2 = 0, c3 = 0, c4 = −c1. (72)
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We point out that c = 0 for u2 = 0 and c ∈ R for u2 6= 0. The commutator of coordinates is given
by:
[xˆµ, xˆν ] = i(c1 − c2)(u
µxˆν − uν xˆµ) ≡ i(aµxˆν − aν xˆµ), (73)
where aµ = (c1 − c2)uµ.
Explicitly, for C1, C2, C3 and C4, functions K−1µ (k) and Dµ(k, q) are given by:
• Case C1:
K−1µ (k) =


[
kµ −
aµ
a2
(Z(k)− 1− a · k)
] lnZ(k)
Z(k)− 1
, a2 6= 0
kµ
lnZ(k)
Z(k)− 1
, a2 = 0
(74)
Dµ(k, q) =
{
kµ + Z(k)qµ +
aµ
a2
(Z(k)1−c − Z(k))(a · q), a2 6= 0
kµ + Z(k)qµ, a
2 = 0
(75)
where
Z(k) = [1− (1 − c)a · k]
1
1−c (76)
• Case C2:
K−1µ (k) =


[
kµ −
aµ
a2
(1− Z(k)−1 + a · k)
] lnZ(k)
1− Z(k)−1
, a2 6= 0,
kµ
lnZ(k)
1− Z(k)−1
, a2 = 0
(77)
Dµ(k, q) =


kµ +
(
Z(k)c −
c
1 + c
)
qµ +
(
c
aµ
a2
+ (c− 1)
K−1µ (k)
lnZ(k)
)
Z(k)−1 − Z(k)c
1 + c
a · q, a2 6= 0
kµ + qµ −K
−1(k)
Z(k)−1 − 1
lnZ(k)
a · q, a2 = 0
(78)
where
Z(k) = [1− (c− 1)a · k]
c
c−1 (79)
• Case C3:
K−1µ (k) =


[
kµ −
aµ
a2
(Z(k)− 1 + a · k)
] lnZ(k)
Z(k)− 1
, a2 6= 0[
kµ +
aµk
2
Z(k)
]
lnZ(k)
Z(k)− 1
, a2 = 0
(80)
Dµ(k, q) =


kµ + Z(k)qµ + aµ
(
(1 + c)
K−1(k) · q
lnZ(k)
− c
a · q
a2
)
(Z(k)− 1)Z(k), a2 6= 0
kµ + Z(k)qµ + aµ
K−1(k) · q
lnZ(k)
(Z(k)− 1)Z(k), a2 = 0
(81)
where
Z(k) =
[
c+ (1− c)
(
(1− a · k)2 − a2k2
)] 1
2(1−c) (82)
10
• Case C4:
K−1µ (k) =
(
kµ +
aµ
2
k2
) lnZ(k)
1− Z(k)−1
(83)
Dµ(k, q) = kµZ(q)
−1 + qµ − aµ(k · q)Z(k)−
aµ
2
k2Z(k)(a · k) (84)
where
Z(k) =
1
1 + a · k
(85)
Note that for each of these families, Dµ(D(k1, k2), k3) = Dµ(k1,D(k2, k3)), which implies asso-
ciativity of the corresponding star products and coassociativity of the corresponding coproducts,
which is consistent with xˆµ closing a Lie algebra, i.e. [xˆµ, xˆν ] = iCµνλxˆλ. In this case, structure
constants Cµνλ are given by Cµνλ = aµδνλ − a
νδµλ .
We note that Jordanian twist, leading to κ-Minkowski space [34] produces linear realizations
xˆµ = xµ(1+a ·p), which belongs to the case C2. New construction of a simple interpolation between
two Jordanian twists, corresponding to linear realizations C1 and C2, was proposed in [35].
5.3 Deformed phase spaces generated by Poincaré-Weyl generators
/κ-Snyder spaces
Here, we consider the algebras with c3 = 0 and c4 = −c1, i.e. the realization is:
xˆµ = xµ(1 + c1(u · p))− c1(u · x)pµ + c2uµ(x · p) = xµ − c1u
αMαµ + c2uµD (86)
where Mµν = Lµν − Lνµ are the Lorentz generators and D = x · p is the dilatation operator.
The algebra of generators xˆµ, Mµν and D is given by:
[xˆµ, xˆν ] =i(c1 − c2)(uµxˆν − uν xˆµ) + ic1[c1u
2Mµν − c2u
α(uµMαν − uνMαµ)]
[Mµν , xˆλ] =i [ηµλxˆν − ηνλxˆµ + c1(Mµλuν −Mνλuµ)− c2(ηµλuν − ηνλuµ)D]
[D, xˆµ] =− ixˆµ + ic1u
αMαµ − ic2uµD
[Mµν ,Mρτ ] =i(ηµρMντ − ηνρMµτ − ηµτMνρ + ηντMµρ)
[Mµν , D] =0
(87)
For the realization (86), functions Kµ(k), K−1µ (k), Pµ(k, q) and Dµ(k, q) are
Kµ(k) = kµ +
1
2
[
(c1 + c2)(u · k)kµ − c1k
2uµ
]
+
1
6
[
(c1 + c2)
2(u · k)2 − c21k
2u2
]
kµ −
1
3
c1c2(u · k)k
2uµ +O(1/M
3)
(88)
K−1µ (k) = kµ −
1
2
[
(c1 + c2)(u · k)kµ − c1k
2uµ
]
+
[
(c1 + c2)
2
3
(u · k)2 −
c1
4
(c1
3
+ c2
)
k2u2
]
kµ
−
c1
4
(
c1 +
5c2
3
)
(u · k)k2uµ +O(1/M
3)
(89)
Pµ(k, q) = Kµ(k) + qµ + c1 [kµ(u · q)− (k · q)uµ] + c2(u · k)qµ +O(1/M
2) (90)
Dµ(k, q) = kµ + qµ + c1 [kµ(u · q)− (k · q)uµ] + c2(u · k)qµ +O(1/M
2) (91)
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The function Dµ(k, q) is associative only in two cases - in the case c1 = 0, which corresponds to
realization (65) (κ-Minkowski C1) with c = 0 and in the case c2 = 0, u2 = 0, which corresponds to
the realization (68) (κ-Minkowski C4).
There are special cases of deformed phase space generated by Poincaré generators appearing
only in 1+1, 2+1 and 3+1 spacetime dimensions. Their realizations are given by
1 + 1 : xˆµ = xµ + cuµǫαβMαβ , (92)
2 + 1 : xˆµ = xµ + cuµǫαβγMαβuγ , (93)
3 + 1 : xˆµ = xµ + cǫµαβγMαβuγ , (94)
where ǫαβ , ǫαβγ and ǫαβγδ are Levi-Civita tensors for 1+1, 2+1 and 3+1 dimensions, respectively.
Commutators of coordinates xˆµ are given by
1 + 1 : [xˆµ, xˆν ] = 2ic
[
(ǫαµuν − ǫανuµ)xˆα + 2cu
2Mµν
]
(95)
2 + 1 : [xˆµ, xˆν ] = 2icuα(ǫ
αβµuν − ǫαβνuµ)xˆβ (96)
3 + 1 : [xˆµ, xˆν ] = 4icǫµναβxˆαuβ + 4ic
2u2Mµν (97)
κ-Snyder spaces defined by xˆµ = xµ + cuαMαµ, u2 6= 0 were considered in [25].
6 Twisted symmetry algebras
In undeformed igl(n) Hopf algebra, coproducts∆0 : igl(n)→ igl(n)⊗igl(n), counit ǫ : igl(n)→ C
and antipode S0 : igl(n)→ igl(n) are given by
∆0pµ = pµ ⊗ 1 + 1⊗ pµ
∆0Lµν = Lµν ⊗ 1 + 1⊗ Lµν
(98)
ǫ(pµ) = ǫ(Lµν) = 0, ǫ(1) = 1 (99)
S0(pµ) = −pµ, S0(Lµν) = −Lµν (100)
When applied to undeformed igl(n) algebra, the twist (41) produces the corresponding deformed
igl(n) Hopf algebras or generalized Hopf algebras (quasi-bialgebras). For h ∈ igl(n), the deformed
coproduct ∆h is given by
∆h = F∆0hF
−1 (101)
where ∆0h is the undeformed coproduct of h.
Antipode S(h) is obtained from the coproduct ∆h using the identity
m[(S ⊗ 1)∆h] = m[(1 ⊗ S)∆h] = ǫ(h), (102)
where ǫ(h) is the counit, which remains undeformed.
Coproducts and antipodes of pµ and Lµν are given by
∆pµ = F∆0pµF
−1 = pµ ⊗ 1 + (e
K)αµ ⊗ pα (103)
∆Lµν = F∆0L
µ
νF
−1 = Lµν ⊗ 1 +
(
(e−K)βγ
∂(eK)γα
∂pµ
pν + (e
−K)βν(e
K)µα
)
⊗ Lαβ (104)
S(pµ) = −(e
−K)αµpα (105)
S(Lµν) = −
(
(eK)βγ
∂(e−K)γα
∂S(pµ)
S(pν) + (e
K)βν(e
−K)µα
)
Lαβ (106)
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For the family i) of commutative spaces (subsection 5.1), the coproduct and the antipode of pµ
are given by:
∆pµ = ∆0pµ + cuµ(u · p)⊗ (u · p) (107)
S(pµ) = −pµ − cuµ
(u · p)2
1 + cu2(u · p)
(108)
For the family ii) of commutative spaces (subsection 5.1)„ the coproduct and the antipode of
pµ are given by:
∆pµ = ∆0pµ + cuµ[(u · p)⊗ (u · p)− u
2pα ⊗ p
α] (109)
S(pµ) = −pµ − cuµ
[
(u · p)2 − u2p2
]
(110)
For the family iii) of commutative spaces (subsection 5.1)„ the coproduct and the antipode of
pµ are given by:
∆pµ = ∆0pµ + cuµ(u · p)⊗ (u · p)− cu
2[(u · p)⊗ pµ + pµ ⊗ (u · p)] (111)
S(pµ) = −
pµ
1− cu2(u · p)
+ cuµ
(
u · p
1− cu2(u · p)
)2
(112)
For the families C1,2,3,4 of κ-Minkowski spaces (65), (66), (67) and (68), presented in subsection
5.2, coproducts and antipodes of pµ and Lµν are presented in [18].
For deformed phase spaces generated by Poincaré-Weyl generators (86), presented in subsection
5.3, the coproducts are coassociative only in two cases - case c1 = 0 and case c2 = 0 with u2 = 0 -
which correspond to κ-Minkowski space. Otherwise, these deformed phase spaces lead to generalized
Hopf algebra (quasi-bialgebra) with non-coassociative coproducts. For these deformed phase spaces,
coproduct and antipode of pµ are given by
∆pµ = ∆0pµ + c1(pµ ⊗ u · p− uµpα ⊗ p
α) + c2(u · p)⊗ pµ +O(1/M
2) (113)
S(pµ) = −pµ(1 − (c1 + c2)(u · p))− c1uµp
2 +O(1/M2) (114)
7 Transposed twists and left-right dual algebras
The transposed twist F˜ = τ0Fτ0, obtained from F by interchanging left and right side of the
tensor product, is given by
F˜ = exp
(
(xˆα − xα)⊗ (−ipWα )
)
. (115)
Twist F˜ will be Drinfeld twist, satisfying cocycle and normalization condition, if and only if this
also holds for the twist F . From transposed twist F˜ , a set of dual non-commutative coordinates
can be obtained
yˆµ = m
[
F˜−1(⊲ ⊗ 1)(xµ ⊗ 1)
]
= xα
(
e−K(p
W )
)
µ
α. (116)
In the second order of deformation, dual coordinates yˆµ are given by
yˆµ = xµ +Kµβαx
αpβ +
1
2
(KµβλK
λγ
α −K
µλ
αK
βγ
λ)x
αpβpγ +O(1/M
3). (117)
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Commutators [xˆµ, yˆν ] and [yˆµ, yˆν ] are given by
[xˆµ, yˆν ] =
i
2
[
(Kβµλ −K
µβ
λ)K
νλ
α +K
νµ
λK
λβ
α −K
νβ
λK
λµ
α
]
xαpβ +O(1/M
3)
≡
i
2
T βµναx
βpα +O(1/M
3),
(118)
[yˆµ, yˆν ] = −i(Kµνλ −K
νµ
λ)yˆ
λ +
i
2
[
(Kµνλ −K
νµ
λ)K
λβ
α
+(Kµβλ −K
βµ
λ)(K
νλ
α −K
λν
α)− (K
µβ
λ −K
βµ
λ)(K
νλ
α −K
λν
α)
−KβµλK
λν
α +K
βν
λK
λµ
α
]
xαpβ +O(1/M
3)
= −i(Kµνλ −K
νµ
λ)yˆ
λ +
i
2
(T µβνα − T
νβµ
α)x
αpβ +O(1/M
3),
(119)
where T µνβα is given by
T µνβα = (K
µν
λ −K
νµ
λ)K
βλ
α +K
βν
λK
λµ
α −K
βµ
λK
λν
α. (120)
Condition T µνβα = 0 is equivalent to condition (31), which corresponds to the case of Lie-algebraic
deformation.
For commutative spaces (50)-(52), coproducts are cocommutative, therefore F˜ and F are equiva-
lent, i.e. F−1−F˜−1 ∈ I0, and the result is trivial: yˆµ = xˆµ. For special cases of κ-Minkowski spaces,
results for yˆµ are given in section VII of [18]. For Lie-algebraic deformations, non-commutative co-
ordinates xˆµ commute with their duals yˆµ
[xˆµ, yˆν ] = 0 (121)
and their duals also close a Lie algebra
[yˆµ, yˆν ] = −iCµνλyˆ
λ. (122)
For deformed phase spaces generated by Poincaré-Weyl generators (86), result for yˆµ to second
order is
yˆµ = xµ + c1 (u
µ(x · p)− (u · x)pµ) + c2x
µ(u · p)
+
c1
2
[
c1
(
2(u · x)(u · p)pµ − uµ(u · x)p2 − u2(x · p)pµ
)
+ c2
(
xµ(u · p)2 − xµu2p2 + uµ(x · p)(u · p)− (u · x)(u · p)pµ
)]
+O(1/M3).
(123)
Generators (86) fail to commute with their duals in the second order
[xˆµ, yˆν ] = i
c1
2
{
c1u
2((x · p)ηµν − xµpν)
+ c2 [(x
µ(u · p)− uµ(x · p))uν − (u · x)((u · p)ηµν − uµpν)]}+O(1/M3)
(124)
and commutator of their duals is given by
[yˆµ, yˆν ] = i(c2 − c1)(u
µyˆν − uν yˆµ) + i
c1
2
{c1u
2(xµpν − xνpµ)
+ c2[(u
µxν − uνxµ)(u · p)− (u · x)(uµηβν − uνηβµ)] +O(1/M3)}
= i(c2 − c1)(u
µyˆν − uν yˆµ)
+ c1[c1u
2Mµν + c2uα(u
µMαν − uνMαµ)] +O(1/M3).
(125)
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8 Outlook and discussion
Families of vector-like deformed relativistic quantum phase spaces and corresponding realiza-
tions are analyzed. Method for general construction of star product is presented. Corresponding
twist, expressed in terms of phase space coordinates, in Hopf algebroid sense is presented. General
linear realizations are considered and corresponding twists, in terms of momenta and Poincaré-Weyl
generators or gl(n) generators, are constructed and R-matrix is discussed. Classification of linear
realizations leading to vector-like deformed phase spaces is given. There are 3 types of spaces: i)
commutative spaces, ii) κ-Minkowski spaces and iii) κ-Snyder spaces. Corresponding star prod-
ucts are i) associative and commutative (but non-local), ii) associative and non-commutative and
iii) non-associative and non-commutative, respectively. Twisted symmetry algebras are considered.
Transposed twists and left-right dual algebras are presented.
In this paper, we were dealing mostly with linear realizations and corresponding twists. In
commutative spaces (subsection 5.1) and κ-Minkowski spaces (subsection 5.2), i.e. in Lie deformed
Minkowski spaces, linear realizations lead to Drinfeld twists satisfying cocycle and normalization
condition. In κ-Snyder spaces (subsection 5.3), star product is non-associative and twist does not
satisfy cocycle condition. Field theories defined on spaces with non-associative star products are
constructed, see for example on κ-Snyder space [25] and on Snyder space [23, 36, 37, 38]. Prop-
erties of field theories on non-associative star products are under current investigation. In [21],
phenomenological analysis related to vector-like deformations of relativistic quantum phase space
and relativistic kinematics was elaborated up to first order in deformation, particularly on particle
propagation in spacetime. Note that if NC coordinates xˆµ close a Lie algebra in xˆµ, then cor-
responding deformed quantum phase space has Hopf algebroid structure [26, 27, 28]. Otherwise,
coproduct is non-coassociative and corresponding structure should be quasi-bialgebroid. General-
ization of Hopf algebroid which includes antipode is under investigation. Corresponding symmetry
algebra is a certain deformation of igl(n) Hopf algebra. This new framework is more suitable to
address questions of quantum gravity [39] and related new effects of Planck scale physics.
We point out that in all Lie deformed Minkowski spaces, problem of finding all possible linear
realizations is closely related to classification of bicovariant differential calculi on κ-Minkowski space
[33]. Namely, requirement that differential calculus is bicovariant leads to finding all possible Lie
superalgebras generated by non-commutative coordinates and non-commutative one-forms. Corre-
sponding equations for structure constants from super Jacobi identities are the same as (31). Linear
relalizations expressed in terms of Heisenberg algebra can be extended to super Heisenberg algebra
by introducing Grassman coordinates and momenta. Corresponding extended twists generate whole
differential calculi. In [40], a new class of linear realizations leading to Lie deformed Minkowski
spaces has been proposed and related twisted statistics properties have been considered.
It is much easier to understand and to perform practical calculation in the non-commutative
space with linear realization of non-commutative coordinates. In [41, 42] it is proposed that the
non-commutative metric should be a central element of the whole differential algebra and that it
should encode some of the main properties of the quantum theory of gravity. Linear realizations
might provide a way to perform such calculations for a large class of deformations, and for all types
of bicovariant differential calculi and predict new contributions to the physics of quantum black
holes and the quantum origin of the cosmological constant [43].
15
Acknowledgements
The work by S.M. and D.P. has been supported by Croatian Science Foundation under the
Project No. IP-2014-09-9582 as well as by the H2020 Twinning project No. 692194, “RBI-T-
WINNING”.
A Calculation of pWµ
Momentum pWµ is calculated from
pµ =
(
1− e−K
K
)
α
µp
W
α (A1)
Multiplying by inverse matrix leads to:
pWµ =
(
K
1− e−K
)
α
µpα (A2)
or, order by order:
pWµ =
(
1 +
K(pW )
2
+
K(pW )2
12
−
K(pW )4
720
+O(K6)
)
α
µpα (A3)
First few terms in the expansion are:
(pW(0))µ = pµ
(pW(1))µ =
Kαµ(p)
2
pα
(pW(2))µ =
(
K(K(p)p)
4
+
K(p)2
12
)
α
µpα
(pW(3))µ =
(
K(K(K(p)p)p)
8
+
K(K(p)2p)
24
+
K(p)K(K(p)p)
24
+
K(K(p)p)K(p)
24
)
α
µpα.
(A4)
For Kµνα leading to non-commutative coordinates xˆµ that close a Lie algebra, i.e. [xˆµ, xˆν ] =
iCµνλxˆ
λ, this can be written without nesting:
(pW(0))µ = pµ
(pW(1))µ =
1
2
Kαµpα
(pW(2))µ =
[(
K
3
−
C
4
)
K
]
α
µpα
(pW(3))µ =
[(
K
2
−
C
3
)(
K −
C
2
)
K
2
]
α
µpα
(A5)
where Kµν = −Kµανpα and Cµν = −Cµανpα, where Cµαν = Kµαν−Kαµν are structure constants.
For example, for linear realizations of commutative coordinates, i.e. [xˆµ, xˆν ] = 0, pWµ is given by
pWµ =
[
− ln(1−K)
K
]
α
µpα. (A6)
For κ-Minkowski space, see [18].
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